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Part |. Computational Considerations

The necessary conditions for optimization of a system governed by a nonlinear vector first-
order partial differential equation with two (space and time) independent variables, such as
governs the unsteady behavior of tubular flow reactors, are derived. Rather general objective
functionals and boundary conditions, such as the recycle of unconverted reactant with an
appropriate time delay for separation and a free choice of final time, are allowed. A gradient
technique in control space is formulated, and it is shown that distinct computational advan-

tages can accrue from the use of the method of characteristics.

Despite the formidable computational problems, quite a
bit of attention has been devoted to the optimal control
of distributed parameter processes in recent years. Work
on the problem was initiated by Butkovskii and Lerner
(1), and necessary conditions were developed by Butkov-
skii (2, 3), Luré (4), Katz (5), and Wang and Tung (6,
7). The latter workers, in particular, discussed the ob-
servability, controllability, and stability of these systems.
Schmaedeke (8) has established some existence theorems
for optimal control. Butkovskii (9) suggested as computa-
tional methods spatial discretization of the partial differ-
ential equations, and the use of the method of moments
(10), which requires a knowledge of the system eigen-
functions. A function space method has been applied by
Chaudhuri (11) to a linear system. In the chemical field,
Volin and Ostrovskii (12) and Jackson (I3) have dealt
with optimal control of tubular reactors with slowly de-
caying catalyst, Denn, et al. (I4) with a reactor with
radial temperature gradients, Jackson (15) with processes,
such as absorption columns, which are approximately
describable by partial differential equations, and Denn
(16), as well as others, with temperature regulation of
slabs. The present work may be looked upon as an exten-
sion of Sirazetdinov’s (17) formulation of the necessary
conditions for a process governed by a first-order partial
differential equation to a system of these equations, such
as arise in the description of a tubular reactor. Very gen-
eral boundary conditions are permitted, such as the recycle
of unconverted reactant, with an appropriate time delay,
back to the inlet, perhaps after some separation has oc-
curred. In addition, the final time of the optimal control
period may be left free, and hence be chosen optimally.
A steepest descent scheme in control space is evolved, and
the method of characteristics examined to determine its
applicability. In the case where the adjoint and state
equation characteristics are identical, it offers considerable
computational advantages.

STATEMENT OF PROBLEM

We begin by defining a very general optimal control
problem for flow processes governed by a system of first-
order partial differential equations (PDE) in space, x,
and time, ¢, The system is

dv

E=f(t’x’u’ﬂsu> (1)

[vi(t, x), va(E, %), ..., 0n(t, 2) T,
(B oY
s bn) ox ax 7 ox s
u=[u (8 %), ua(t, x), ..., un(t, %) 7,
and  f = (fy, fo, ..

where ©

b= (”’l, H2s - -

..fa)’ is a vector-valued function
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with

dv; ,
f=foltsou) + e == i=1%.. 0
X
(2)

The notation for transpose ( )’ will be used only if there
is danger of ambiguity in the context. The function f is
defined on the rectangle [t,, t] x [%,, 2] =1 X E and
feC,2 (in the class of all twice piece-by-piece continuously
differentiable functions). The vector v = v(t, x) deter-
mines the state of the system at (¢, x)e I X E. If the
vector v = u(t,«x) is a bounded piecewise continuous
control on I X E, and ueQ, it is termed admissible. Here

Q is the set defined by
0 = {ulg(u) =0} (3)

where g = (g1, g2 ..., &) (r = m) is a vector-valued
function representing a set of r constraint hypersurfaces.

For a chemical reactor the components of the state
vector will be quantities such as the extents of the various
reactions and the temperature. In general, the initial con-
ditions will be prescribed:

v(te, x) = ®(x); x, =x =2y (4)

where ®eC2. If there is no product recycle, there will also
be a specification of the inlet conditions as a function of
time .

v(t, x0) = W(t); t,=t=1 (5)

where ¥eC? and continuity at (f,, x,): ®(%7) = ¥(t,1)
is not necessarily assumed.

More generally, however, some of the product stream
may be recycled, after further processing, with a time lag
t,, back to the inlet stream, so a functional relationship of
the form

F[D(t’ xo): U(t_ tr, xf)} == 0; F€C2

(6)
exists where v (t — &, &) = m(t), & known function, for
0 =t =t, It is seen that Equation (5) is a special form
of (8). Moreover, the final time, ¢;, may be subject to
variation, as in the case of minimum-time problems.

Subject to the foregoing equality and inequality con-
straints, we now wish to minimize a general functional, of
the form

t,=t=1ty

J=h+1l+1 (7)

where

Ji

I

xf
_’;O G1 [ty % 0 (8, x), p(ts %), u(ts, x) Jdx
ty
]2': jt‘o GZ [t> xf’v(t: xf)> I"(t’ xf):“(t: xf)]dt (8)

I3

ll

t, .
S Gt o0t %), (6 2), u(t, x) 1dede

and G;, Gs, and Gy are scalar functions (e C2) of the
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vector variables.

In analogy with the interconvertibility of the Mayer
and Bolza forms of the one-dimensional extremal problem,
if Gy and Gy are not functions of u and u, one can define
functionals J;" and J5* of the form of J; by

¥ 'tr G zf
I1’= .I;o ‘I:o #dtdx:]l_ﬁo Gl[to, x,U(to: x)]dx
(9)

U 3Gy b
]2’ = o J;o at dxdt = ]2 _ J;o G2[t, Xo, U(t, xo) ]dt
(10)

where the integrals on the extreme right side are often
specified by the initial and boundary conditions. It will
thus be convenient to consider G; and G, to be inde-
pendent of u and y in the subsequent development.

NECESSARY CONDITIONS FOR OPTIMALITY
Define a Hamiltonian function

H(t,x,0,p,p,u) =— Gs + <p, f> (11)

where p = (p1, ps, ..., pa) is an adjoint, or auxiliary,
vector function on I X E. The scalar function G; is pre-
sumed to be linear in the gradients of the state variables:

G3=a0(t’ X0, u) + <a, F'> (12)

where a, is a scalar function, and «(%, x, #) is an n-dimen-
sional vector-valued function.

Two general classes of minimization problems are con-
sidered: 1. 4 = u(t,x) and 2. u = u(t). The case where
4 = u(x) follows by direct analogy to the latter case. The
problem is thus to find the admissible control u(i, x)
{or u(t)] which minimizes J. If u = u(t), define

FEL "H(t, %, 0,4, p, u)dx (13)

The admissible control 4 = u(t,x) [u(t)] is said to
satisfy the maximum condition if at any (¢, x) eI X E [tel]

the function H[ H ] attains its absolute maximum. The
maximum principle is contained in the following theorems:

1. If an admissible control u(t, x) [#(#)] defined on
I X E[I] minimizes J, then it satisfies the maximum
condition almost everywhere on I X E[I].

2. If the system of PDE (1) and the objective func-
tional (7) are both linear in v and g, the condition of
theorem 1 is both necessary and sufficient.

The proof of the theorems essentially lies in the deriva-
tion of a formula for the incremental change of the func-
tional due to arbitrary incremental changes of the function
arguments and in the estimates of the second-order incre-
ments of the functions involved, to some extent following
Rozonoér (18) for ordinary vector differential equations
and Sirazetdinov (17) for a scalar first-order partial dif-
ferential equation. The complete proof is rather detailed,
but fairly straightforward, and interested readers are re-
ferred to (19). We content ourselves with an exposition
of the first-order terms, in order to develop the auxiliary
boundary and final conditions. Substituting (11) into (7)
and (8), one obtains

tr ("% 9
]=]1+Iz+£o f (<a—':-,p>—H)dxdt (14)

(VuGe — VuH) ¢y {

Therefore, the incremental change AJ due to the incre-
mental change in arguments involved is readily shown
to be, to the first order
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Al = A]1 + A,
ty 5 av
+ J; J; {—AuH-I- <§'—VPH;AP‘>
P! d
+<—F_gH+ 2 (v,H), 0> (15)
ot dx

4 9
— <P, AL — — H, A dxdt
+ % <p, Av> pw <V. v> } X

+Atffzo (<a—:-,p>—-H) dx

tf,a:
where
A = H(t, x,0, p, p, 4 + Au) — H(8, %, 0, u, p, )
(

16)

and

xf GG
Al =f < VoG, o>t + (———‘ ) Aty vdx (17)
z, oty e

4%
Aly = jt‘ {< VoGe, do>t.ap} db + (Gg)pap Aty (18)

The total differential notation implies the sum of the vari-
ations due to path and final time:
dU(tj, xf) = (Av + f'Atf) tr.af (19)
The first inner product in the double integral in (15)
vanishes, in virtue of (1) and (11). The second inner
product also vanishes, providing that the auxiliary PDE
is satisfied in I X E:
ap 0
—=—(V,H) —V,H 20
Fralatew (VuH) v (20)
Performing the indicated integrations in (15), and collect-
ing terms with (17) and (18), one obtains for the inte-
grated terms:

it ("
Al = J:‘o ‘£o {—auH} dxdt + (Gy) tray Aty

xf G
+ f [ < VG, d17>tf,z + < —1) Aty
To atf t5.x

+ <p, dv> |zf"”] dx  (21)

t t.z,
+ j: ( <VoGa, d> 40y — <V, H,dv> | ) dt
0 t.

o

xf v
+Atff (<—,P>‘—H) dx
%o ot tf,x
Similarly, taking the first variation of the boundary condi-
tion (B), we obtain
dF = < VoctanF, dv(t, x,) >
+ < vv(t—tr,xf)F: dv(t'_ ty, xf) > =0,
o =t=1t; (22)
where
do(t—t,x) =0 t—t, <t,
(23)
do(t, x,) = Av(t, x,)
in view of the assumption that the initial time is fixed

(At, = 0). The integral with respect to time in (21) can
therefore be made to vanish if

t,=t=1t;

=7 (vv(t—tr,zf)F)t,mf o =t=t;—1,

(24)
h—t.<t=t

(Vil) 2o = v (Voctzor F) tzo

where vy is any nonzero constant. By taking inner products,
the proportionality constant can be eliminated:

t=t=t (25)
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< (chz - vu.H) t.xf> vv(t,xo)F [U(t> xo) » 0 (t — i xf) ]>
= f< (VuH) 0 Vot —trapl [v(t, %o), 0(t— tr, %) >
for t,=t=t;— 1, (26)
10 for tf~—-t7<tétf
This corresponds to a two-point boundary condition in
one-dimensional problems, the value of the adjoint variable
at x, being related to that at x;. Similarly, by choosing

(vvcl'—P)tf,x:() X=X =%y (27>

a final condition on p is obtained. Note that dv(#,, x) = 0,
in view of (4) and (23). Finally, the stopping condition

xf oG dv
(G2)tf,a:f+‘£o {(-anl) + (<5t—,P>—H)tfx}dx=0

tf,x

determines .

The recycle condition, together with free final time,
make the computations extremely time consuming, and
we shall in this work confine our attention to once-through
reactors with fixed final time for the optimization interval.
Furthermore, the objective functional will be taken of the
form:

t 2.
I= j::.’;of (¢, x, v, p, u)dxdt (29)

where Gz = I'. Corresponding to (4) and (5), the auxili-
ary final and boundary conditions then become

plt,x) =0 Yo =x =14 (30)
(VuH)1zp =0 t,=t=1 (31)

COMPUTATIONAL ALGORITHM

Control Space Gradient Method
A relaxation procedure based on first-order variations,
analogous to that of Merriam (20) for ordinary differential
equations with an integral error index, can now be derived.
Suppose that the values from the ith iteration:
o
ot

= f0 [t, x, 0D, w® 4®] (32)

are available. Since the state and auxiliary equations and
initial and boundary conditions are to be satisfied at every
iteration, it follows that the current value of the objective
functional may be obtained from

. A ) ) o doWw
](1) —_ j:a j;o {r(z) —_— <p(1)’ [ f(z) — 7] > }dxdt
(33)

We wish to choose a new control, uit1, such that Ji+D
< J®, providing the step size is made sufficiently small.
It is readily shown by expanding the integrand in J@+1
in a Taylor series about the ith iteration that a sufficient
set of conditions is given by

. . . 8H @
uj(H-l) = uj(l) + eJ.(z) ( W) s u= u(x, t) (34)
i
. . (H [ 0H @
G+ D = ;D D J;o (.a_u._) dx; u=u(t)
3
(35)
. . o (% ( 0H \@
w G+ D = gD €j(z)jt‘ (_az_) dt; u=u(x)
° i
(36)

for ™ (j = 1, 2, ..., m) are the positive step size fac-
tors, sufficiently small.

Numerical Scheme
If the objective functional has the form
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t.
1=4. gt xpot e (37)

the method of characteristics leads to a convenient numeri-
cal procedure. A discussion of the characteristic equations
is given in Appendix 1. Consider a particular point (o, xy)
on the terminal line where t, = o = #;. The set of charac-
teristic curves X;(s'; o, x;) emanating backward from the
point (o, xf) to the initial curve, where the initial data are
given, is determined from (A5) in Appendix I. By forward
integration with respect to the parameter s of the state

(28)

equations of (A4) along the curves Xi(s; o, %7), one can
then obtain vi(c, %;) (i = 1, 2, ..., n), where the initial
data v;[¢(0), X;(0; o, 25) ] are the values of either @(x)
or ¥(t) at X;(0; ¢, x7). The function Gla, x5, v(0o, x7) ] at
any time o can thus be computed, and the functional J can
be evaluated from (37). Hence, if ¢ is minimized for
Voe[to, ti], so is J. If the control vector u[t(s), Xi(s; o, x7)]
is involved in the integrands of both (A5) and (A4), the
solution procedure for both X;(s'; o, x;) and vi(o, a7) is
iterative, and it is doubtful that this method offers signifi-
cant advantages. However, if the functions fi' (i = 1,
2, ..., n) are independent of the control vector u, the
characteristic curves are determined by (AS5) once and
for all, and the iteration proceeds only on the system (A4).
The auxiliary system of characteristic equations must also
be integrated. Details of this development are given in
(19). The computation involves a laborious interpolation
procedure, and is hence distinctly unattractive unless the
characteristic curves coincide. This is further simplified if
all state equations have the same principal part. Fortu-
nately, this is usually the case with single phase flow proc-
esses, and indeed with many multiphase processes. With
this proviso, Equations (1) to (5) become identical and
can be written as a scalar equation:
.

XO(S,; T, f) = £ fol{t(s),u[t(s)’ Xo(s; f)]} ds

(38)

Along this characteristic, Equation (A4) applies for
v(r, £) with similar expressions for p(r, £) and u(r, £).

In the selection of the next u, three cases arise depend-
ing on whether u = u(t,x), u = u(t), or u = u(x). If
u = u(t,x), the value uft;(s), Xo(s;7,£1)] of u at
[t:1(s), Xo(s; 71, £&1)] of I X E on a characteristic curve
passing through (ry, &) is independent of the value
ulta(s), Xo(s; 72, £2) 1 of w at [3(s), Xo(s572, €2)] on a
neighboring nonintersecting characteristic curve. This has
the great advantage of reducing the two-dimensional op-
timization calculation to a sequence of one-dimensional
optimizations, each of which can be performed indepen-
dently. The algorithm (34) is used for this case. How-
ever, if u = u(t), (8H/du;)® must be evaluated at mesh
points in the net along each characteristic curve, and the
integral in (35) evaluated. A similar observation can be
made when u = u(x).

s(7,£)
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NOTATION

A = matrix

C, = space of twice continuously differentiable func-
tions
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total variation
distance interval, [x,, x¢]

I

d
E
F
F

= vector-valued function, (Fy, F, ..., F,)
= recycle function

f = vector-valued function, (fi, fs, ..., fa)

fi = scalar-valued function, fi* + f! év;/dx

0 = vector-valued function, (f,° f2°, ..., fu°)
f = vector-valued function, (fi1, fo!, ..., fu!)
fo! = scalar function, (=fit =fol = ... = f.1)
Gi, Gy, Gz = integrands of functionals

G = integrand of J

g = vector-valued function, (g, g, ..., gr)
H = function defined by — G; + <p, f>

H = integrated H with respect to x

I = identity matrix

I = time interval, [, ]
I, 11, T, Ja, 1o, Js' = functionals
m(t) = vector-valued function

m = integer

p = auxiliary vector, (py, p2, ..., Pn)

s = parameter along characteristic curve

t = time variable

to = initial time

t = final time

t, = time lag

ti,ts = valueof ¢

0 = control vector, (uy, uy, ..., uy)

v = state vector, (vy, Us, ..., Uy)

Xo(s; 7, £€) = scalar solution of characteristic equation for

v passing through (7, ¢) of I X E
Xi(s; 7, €) = ith characteristic passing through (r, ¢) of

IXE
x = distance variable
X, = initial distance
xy = final distance

Greek Letters

a = vector-valued function, (ay, ay, ..., an)

@y = scalar function

T = integrand of J

y = nonzero constant

A = jncrement

€ = iteration step size

K = characteristic root

A = vector, ()\1, Ay .., >\n) = (Bvl/at, 302/(%’, sy
30, /9t)

“ = vector, (g1, H2, - .., pn) = (801/3x, d0y/0x, ...,
/%)

g &1, &€ = values of x

m = initial data y;

o = value of ¢

+, 71, 79 = values of ¢

P = initial state vector, (®;, @y, ..., ®n)

¢ = vector-valued function, (¢, ¢s, . .., ¢n)

¥ = boundary state vector, (¥, ¥g, ..., ¥)

@ = region defined by Equation (3)

Subscripts

t, x, \, u, p, u = partial differentiation with respect to
t,x, ppand u
i,j = ith and jth components of vectors

Superscripts
(i) = ithiteration

Symbols

<, > = inner product

()’ = transpose

Vs V. = gradient operators defined by (8/001, 8/8v,, . . .,
3/0v,) (8/0p1, 8/0p2, ..., 8/dpun), ... on scalars

Vof = Jacobian matrix
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APPENDIX I.
DEVELOPMENT OF CHARACTERISTIC EQUATIONS

The characteristic determinant of the system (1) which
must vanish (21, 22) is

—fl—x« )

[A—KI]: —fol — & =0 (Al)

o —fat—x

where A is for this case a diagonal matrix. The set of char-
acteristic curves is therefore given by

= —f1[t(s),x, ul (A2)

&l &

where x = (%1, %3, . . ., %), fl = (fiL, fol, . . ., fal)’, and
s is a parameter measured along the characteristics. The so-
lution of (A2) for each component of x, say x;, gives the ith
characteristic curve. Along the characteristics the following
relationship holds

dv
—=f°[t(s),x,v,u] (AS)
ds

where fo = (f1% f2° . . ., fa°)’. The independent scalar

variable x becomes a vector-valued dependent variable in
(A3) through the relationship (A2). The solution of (A2)
passing through a point (v, §) of I X E is designated by

x = X(s5;1,¢£)

where X = (X1, X, . . ., Xa). The integration of (A2) and
(A3) along the characteristics through (7,£) gives for the
canonical (diagonal) system in this work:

vi(T, §) = vi[t(0), Xi(0; 7, £)]

5(7.6)
+ J; fielt(s), Xa(s's 1, £), ol8(s"), Xa(s's 1, £)1, ul#(s'),
Xi(s's v, £)1}ds” (A4)

Page 413



and

57

Xi(s's7,8) = £——J; fil{e(s), Xi(s; v, &),

ult(s), Xi(s; 1, £)]}ds
i=12...,n

The initial data vi[t(0), X;(0; 1, £)] (i = 1, 2, ..., n) of
(A4) are the values of vi(i=1,2,...,n) on the initial
curve at the points [¢(0), Xi(0;7,£)] (i = 1,2,...,n) of I
X E located by tracing back Xi(s’;v,£) from (=, £) accord-
ing to the rule (A5). The values of vi(i =1,2,...,n) (or
the value of v at any point of the initial curve) are given by
the initial and boundary conditions in (4) and (5).

The characteristics for the vector u(=9v/9x) of the sys-
tem (1) can be derived from the general system of the first-
order equations:

(.6)
(A5)

F(tyx’ o, )"7 l“)u) =0 (A6)
where F = (Fy,Fg,...,Fy) and A = (M, ke, ..., 0n) =
dur v ovn Y’
(—-i, —2,...,—") . Partial differentiation of (A6) with
ot ot ot
respect to x yields

oA u
F; 4 (VUF)#+ (VAF)_+ (VI-LF)_=0 (A7)
ox ox
In view of the identity 9h/dx = du/8t, it follows that
d )
(VAF) = + (VuF) == —Fo— (VoF)u  (AS8)
ot ax

For the system (1), VaF = I, and V,F is a diagonal matrix,
so that the system (A8) is in canonical form. Thus the char-
acteristic equations for u are

— = V,F
ds g

du

e Fo— (VoF A
— = —Fo— (VaF)a (A9)

In connection with the system (1), the first equation in
(A10) is identical to (A2) for V,F = — f1. The second equa-
tion becomes explicitly

du

o= t > % O, 4, U
= #(t(s), %, 0, p, )

where ¢ = (o1, ¢2,...,0n)" = fz + (Vof Ju.
On the line ¢ = t, the initial values u are, from Equation

(4),

(Al11)

dd(x)
dx

On the remaining segment of the initial curve (the line x =
xo) the values of the initial data of x can be shown, from

Equation (5), to be given by
dt ]
ds \
s=0

(A12)

wlto, x) =

uilt(0), 2]
d¥i(t)

[ fio{o), %o, ¥i[t(0)], u[K0), %01} ——

§=0

[—fi{t(0), xo, ult(0), x01}]

dw,
— {t(c»),xo, wili(o)], AN AKO) o)
dt ds
(A13)
i=12,...,n

The expressions (A13) are the initial data wi[#(0), Xi(0; =, £)]
of (All) along the segment (the line x = x,). An interest-
ing observation is that the initial data are functions of u. Here
fil{t(0), %o, u[t(0), %01} 2 0. If fi1 = 0, the initial curve (x
= %,) is a characteristic. This situation is excluded from the
development.

Part Il. Jacketed Configuration with Step Feed Disturbance

The optimal unsteady control of a jacketed tubular reactor with and without heat generation
due to chemical reaction in response to a step disturbance in the feed stream concentration
is computed. More rigorous control action was found to be necessary for the case with heat
generation than without heat generation. Convergence of the method was also investigated

with fixed and free final time.
STATEMENT OF PROBLEM

The optimal control of a jacketed tubular reactor is con-
sidered, in which the first-order consecutive reactions
Fy kg,
A — B — C take place, both with and without heat
generation. The shell-side fluid temperature, u, is the con-
trol, where u = u(t) only. It is desired to obtain the

optimal control, Q(t), with a known step disturbance in
the inlet concentration, such that the cumulative yield of
the desired product B at the exit x = L during a specified
time interval [0, #;] is maximized. The system of partial
differential equations for the process is
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(1)
subject to the initial and boundary conditions
Ui(03 x) = q)i(x): Ui(t: 0) = ‘I’l(t) = 1’ 2, 3 (2)

where k; = ki, exp(— Ei/RT) (i = 1, 2), and ®;(x) and
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W¥;(t) are prescribed functions of x and of ¢, respectively.
This problem has been discussed earlier (1), where now
the functional to be minimized is

_J;tf vy (t, L)dt or ]=J;tf J:JL (—%) dxdt (3)

The numerical values for the physical constants involved
are taken from the work of Bilous and Amundson (2):
kip = 0.5335 X 10 min.~1, kyy = 0.461 X 10!8 min.~ !,
E, = 18 kcal./mole, E; = 30 kcal./mole, and R = 2.0.
In addition, let « = 3.0, L = 1 unit of length and » = 0.1
unit of length/min., thus fixing the residence time at 10
min.

Negligible Heot Generation

Suppose that it has been previously determined, by a
gradient method, that the optimal steady state, with negli-
gible heat of reaction and for inlet concentrations v,(0)
and 0v5(0) of 0.95 and 0.5 g. mole/liter, is obtained by
choosing v,(0) = 349.3°K. and u = 335.5°K. up to the
time t = 0~. At £ = 07, the inlet concentrations suddenly
change to ©,(0) = 0.65 and v3(0) = 0.35 g. mole/liter,
and the feed temperature to v3(0) = 300°K. It is required
to find the control u(t) such that the cumulative yield
vg(1) is maximized during the time interval [0, t;]. The
original and new optimal steady states are plotted in Fig-
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